MATH1013 Calculus |
L02, L10 (Fall 2025)

Solution to Problem Set 6

1.

Let g be the polynomial defined by

a, a, An_1 a,
x)=agx +—x%+—x3+ o+ ——x" + ——x"1,
9@) 0 2 3 n n+1

Then g is differentiable on R and g’ = f, and also

Now g(0) = g(1), so applying Rolle’s Theorem to g, we see that there exists ¢ € (0,1) such that

a; a; an-1 an
0)=ay-04+—-02+—-0%+ -+ 0™ + -0 =0,
9(0) =6, 0+ 3 n n+ 1
a; a; an—1 an
D=ag+—+—+ -+ + =0.
g =a+—+7 n o n+1

g'(c) =0,

i.e. f(c)=0. Therefore f hasaroot ¢ € (0,1).

(a)

(b)

Consider the function f(x) = cos x, which is differentiable on R and
f'(x) = —sinx.
Given any real numbers a and b, we consider the following cases:
(i) If a=b,then |cosa —cosh| =0 = |a — b|, so the inequality holds trivially.
(ii) If a # b, then applying Mean Value Theorem to the function f we have

cosa —cosh

= —sinc
a—>b

for some ¢ between a and b. Since we always have |—sinc| < 1, this implies that

|cosa —cosb

=|—-sinc| <1,
a—>b | | |

so we still have |cosa — cosb| < |a — b].

Consider the function g(x) = tan x, which is differentiable on (—g,g) and
g'(x) = sec?®x.

Given any real numbers a,b € (—g,g), we consider the following cases:

(i) If a=b,then |tana —tanb| = 0 = |a — b|, so the inequality holds trivially.

(i) If a # b, then applying Mean Value Theorem to the function g we have

tana —tanb

2
= sec’c
a—b>b

for some ¢ between a and b. Since we always have sec? ¢ > 1, this implies that

|tan a—tanb

2
= |sec?c| =1,
a—>b | | |

so we still have [tana — tanb| = |a — b|.
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(c) Consider the function h(x) = In(1 + x), which is differentiable on (—1,4+o0). Its derivative is

h(x)=1+x'

Given any real number t > —1, we consider the following two cases:
(i) ft=0,then In(1+t)=0= ﬁ, so the inequality holds trivially.
(ii) If t # 0, then applying Mean Value Theorem to the function h we have

In(1+¢t)—In(1+0) 1
t—0 T 14c

for some ¢ between 0 and t. Incase t > 0,wehave 0 <c <t andso

1n(1+t)_1n(1+t)—ln(1+0)_ 1 S 1
t B t—0 T 14cT 14+t

Incase —1<t<0,wehave —1<t<c<0 andso

1n(1+t)_1n(1+t)—lr1(1+0)_ 1 < 1
t B t—0 T 14c 1+t

In both cases we get In(1 + t) > —, so the inequality still holds. [ |

t

1+t

3. Let f(t) be the distance (in km) that the runner travelled after t hours. We may assume that f is
differentiable and its derivative f' is continuous. Now we have

£(0) = 0, f(%)=10, F(0)=0  and f’(%)=0.

Applying Mean Value Theorem to f, we see that there exists ¢ € (0,2) such that

F(3)-7©® 10-0
=3 =2

-0 5-0

f'lo) =

1
2
Since f'(0)=0<19, f'(c) =20>19 and f' G) =0 < 19, applying Intermediate Value Theorem to the
continuous function f', we see that there exists ¢; € (0,c¢) and ¢, € (c,%) such that
f'(c;) =19 and f'(cy) = 19.

In other words, he must have been running at a speed of exactly 19 km/h at least twice during the race.

4. Since f is twice differentiable on R, it follows that the function g is continuous on [a, b] and differentiable on

(a,b). Its derivative is given by

fl@) = f(b) — f'(@)(a—b)

9@ =60 - (f" & —b) + () - 2L 20—
— f'&x)  fb) —f(a) — f'(a)(b —a)
=2(b—x) >~ e

for every x € (a,b).
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Now we have

fl@) = f(b) = f'(@)(a—b)

9(@) = f(a) = f(b) = f'(a)(a—b) - (@ —b)?

(a—b)?=0

and

fl@) = f(b) = f'(@)(a—b)

gb) = f(b) —fb) = f'(b)(b—b) — (a—b)?

(b—b)* =0,

so g(a) = g(b). Applying Rolle’s Theorem on this function g, there exists ¢ € (a,b) suchthat g'(c) =0, i.e.

f'©  f®) = f@~f' @ -a)

2(b — =0.
b-a= (b —a)?
Since b # c, this implies ~ Z(C) = f(b)_f(?z:;ia)(b_a), andso f(b) = f(a) + f'(a)(b —a) + fT(C)(b -—a)? =

5. (a) The statement is true.
We first note that there exists t € (2,5) such that f(t) < 0. To see this, we suppose on the contrary that
f(t) =0 forevery t € (2,5). Then
RO = i g2
which contradicts with f'(2) = —1.
Next, since f is continuous, f(t) <0 and f(5) = 2 > 0, applying Intermediate Value Theorem to f, there
exists a number ¢ € (t,5) suchthat f(c) = 0.

Since f(c) = f(2) but c # 2, weseethat f isnotone-to-one. So f doesnot have an inverse.

(b) The statement is true.

Applying Mean Value Theorem to g, there exists ¢ € (0,2) such that

9D -g©® _0-(-2) _

"(c) = = 1.
9© 2-0 2-0
Remark: Here we cannot apply Intermediate Value Theorem to g’, because g’ does not have to be
continuous.
6. (a) The derivative of f is given by

, 2 ~ [2 1 8x(x + 3)

fe) =@k +43+ @) |30+ 30)|=—7

3(x + 4)3
forevery x € R\ {—4}. Since f'(x) =0 onlyif x =0 or x = —3, the critical numbers of f are —4, —3

and 0.

(i) For x < —4,wehave f'(x) < 0. So f isdecreasingon (—oco,—4).

(i) For —4 <x < —3,wehave f'(x) >0. So f isincreasingon (—4,—3).
(iii) For =3 <x < 0,wehave f'(x) < 0. So f isdecreasingon (—3,0).
(iv) For x > 0,wehave f'(x) > 0. So f isincreasingon (0,+0).

Page 3 of 13



MATH1013 Calculus |
L02, L10 (Fall 2025)

We have the following table:

Problem Set 6

X (—o0,—4) —4 (—4,-3) -3 (=3,0) 0 (0, 4+ )
f'(x) — undef. + 0 — 0 +
fx) \ min. 7 max. \ min. 7

So f hasalocal maximum point (—3,9) and local minimum points (—4,0) and (0, 0).

(b) The derivative of g is given by

Bx?+9)(x?*+1) — (x* +9x)(2x)  (x*-3)?
(x%2 +1)2 T (x241)2

g'(x) =

for every x € R.

extremum points. [g has critical numbers V3 and —/3 though.]

Noting that
ad ifx >0
—_— if x
x + 1)2 -
heo ={* L .
—m ifx<0andx # —1
we see that

(i) For x > 0, we have

B ) = ME+1)?-)2x+1)]  1-x
() = G+ D* T
(i) For x <0 and x # —1, we have
B ) = ME+1)?-)R2E+1)]  x-1
() == (x + D ICEEE
(iii) For x = 0, we have
X ___ _*
h_(0) = lim_& =-1 and h(0) = lim GetD?
x-0 X x-0% X

so h'(0) does not exist.

Since g'(x) =0 for every x €R, the sign of g’ never changes, so g has no local

=1,

Now h'(x) = 0 onlyif x = 1, so the critical numbers of h are 0 and 1.

(i) For x < —1,wehave h'(x) > 0. So h isincreasingon (—o,—1).

—1 is outside the
domain of h.

(i) For =1 <x < 0,wehave h'(x) < 0. So h isdecreasingon (—1,0).

(iii) For 0 < x < 1,wehave h'(x) > 0. So h isincreasingon (0,1).
(iv) For x > 1, we have h'(x) < 0. So h isdecreasingon (1,+).

We have the following table:

x (=, —1) -1 (=1,0) 0 0, 1) 1 (1, +)
h'(x) + undef. — undef. + 0 -
h(x) 7 undef. \ min. 7 max. \

So h has a local maximum point (1,%) and a local minimum point (0, 0).
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7.

\4

8. (a) Thedomainof f is R\ {0},i.e. (—,0) U (0,+). The derivatives of f are given by

i) = ex +xe%(_xi2) _ (1 _%) E
0= (e -2 -

forevery x # 0. Wehave f'(x) =0 onlyif x =1,and f"(x) is always non-zero.

We construct the following table:

x (—,0) 0 0,1 1 (1,40)
f'(x) + undef. — 0 +
f"(x) — undef. + + +
f(x) ~ undef. N min. A

So f has alocal minimum point (1, e), no local maximum points and no points of inflection.

Now we look for asymptotes of the graph of f.
(i) Since
1 1 1 et
lim f(x) = lim xex = lim x- lim ex =0 and lim f(x) = lim xex = lim — = +oo,
x—0~ x—0~ x-0% x-0+

x—-0~ x—-0~ to+oo €

the line x = 0 is a vertical asymptote of the graph of f.

(i) Since
) ‘
X 1 /0
lim —= = lim ex=¢e%=1 <
x->+o0o X x—>+oo i
(1,e)”
i i 1 . et -1 e
Jim 170 =1 = M (e - x) = b= =1, e

\4

theline y = x 4+ 1 is a slant asymptote of the graph of f.

Clearly the graph of f hasno x-and y-intercepts.

A sketch of the graph of f is shown on the right.
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(b) The domain of f is R\ {6}, i.e. (—0,6) U (6,+). Let's skip the routine computational details of the

derivatives of f. They are given by

vy e +8)0c + 1) (x — 27) oy 686(x +3)
f'(x) = and f'(x) = W

(x —6)°
forevery x # 6. Wehave f'(x) =0 onlyif x =—8, —1 or 27, while f"(x) =0 onlyif x = —3.

We construct the following table:

x | (~»,-8 -8 (-8-3) -3 (=3-1) -1 (-1,6) 6 6,27) 27 (27,+)

f'(x) + 0 - - - 0 + undef. - 0 +
() - - - 0 + + + undef. + + +

) f) max. N infl. \> min. A undef. \) min. A

f has local minimum points (—1,0) and (27, 2;—4), a local maximum point (—8, %) and a point of inflection
16
(-33):

Now we look for asymptotes of the graph of f.
(i) Since
lim f(x) = +oo,
X—6
the line x = 6 is a vertical asymptote of the graph of f.

(ii) Since

(x +15)(x + 1)? ) 29x% — 5x + 15

5 15
29-2+—73 29-0+0
=1 X x°_ =29
= oo onZ  (1-02

(1-3)
X

the line y = x + 29 is a slant asymptote of the graph of f.
The graph of f has x-intercepts —15 and —1, and hasa y-intercept %

The following shows a sketch of the graph of f.

\ 4
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x3-3x2
x+1
x3-3x2

(c) Thedomainof f is R\ {—1}. Since f(x) =

x+1

Ifo(x —V3)(x +3)
(x + 1)
2x(x —V3)(x +V3)
B (x + 1)2

f'x) =

if —1<x<3

ifx>3orx< -1

1]

ifx>3orx<—1

Problem Set 6

, the derivatives of f are

if —1<x<3
R ——
fray={ GV
(x+1)3_2

ifx>3orx< -1

if —1<x<3

It can be checked from definition that f’(3) = —z and f{(3) = z, so f'(3) does not exist.
We have f'(x) =0 onlyif x = =3, x =0 or x =+/3, while f"(x) =0 onlyif x = V4 —1.

Thus we have the following table.

x | (-o,—V3) -3  (=V3,-1) -1 (-1,0) 0 (0,4 -1)
f'(x) — 0 + undef. — +
f" ) + + + undef. + + +
fx) NG min A undef. NG min. A

x Va-1  (V4-1V3) V3 (v3,3) 3 (3, +)
f(x) + + 0 - undef. +
f"(x) 0 — — — undef. +
f(x) infl. ~ max. N min. corner A

h has one local maximum point (v/3,6v3 —9), three local minimum points (—v3,9 + 6v3), (0,0) and

(3,0), and two points of inflection (W — 1,634 — 9) and (3,0).

Next we look for asymptotes of the graph of f.

(i) Since limlf(x) = 4o, the line x = —1 is a vertical asymptote of the graph of f.
xX—o—

(ii) Since
X x—13
lim &= lim x| |=i00,
x>t X x>t |x+1
the graph of f has no horizontal or slant asymptotes.
The graph of f has x-intercepts 0 and 3, and hasa y-intercept O.
A sketch of the graph of f is shown below.
A
\/: _ y =)
(—V3,9 4 6V3)
! (V3,6V3 - 9)
-1 0 3

(V4-1,6V4-9)
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X .
(x - 2) ; ifx =2

(d) The domain of f is R\ (0,1] = (—,0] U (1, +0). Since f(x) = ,
(Z—x)\[xii1 ifx<O0orl<x<?2

the derivatives of f are given by

((4x —3)2+7 s I{ 2 —5x s
— ifx if x
Fl) = ! 164/ x(x — 1)3 £ = {4x(x — 1)/x(x —1)3
) (x-3)2+7 ’ B 5x —2 _ :
ifx<Oorxe€ (1,2)

ifx<O0orxe€(1,2)

k_ 16/ x(x — 1)3 k4x(x - DyJx(x —1)3

Since f'(2) = —V2 and f/(2) =2, f is not differentiable at 2.

Note that f’ and f'' are always non-zero, and also xli)rgl_ p'(x) = —oo. Thus we have the following table.
x x<0 x=0 0<x<1 1<x<2 x =2 x> 2
f'(x) — undef. undef. — undef. +
f"(x) — undef. undef. + undef. —
fx) N min. undef. NG min. corner ~

f has local minimum points (0,0) and (2,0), no local maximum points and a point of inflection (2, 0).

Next we look for asymptotes of the graph of f.

(i) Since lir{l){f(x) = +oo, theline x =1 is a vertical asymptote of the graph of f.
X—

(i) We have
X 2 1 X 2 1
lim]ﬁ= lim <1——> —=1 and limﬁz lim (——1) — =1,
X—>+00 X X—+00 X 1 _ 1 X—>—00 X X—>—00 \X 1 _ 1
X X
and

(x—Z)Z%—XZ

I
8
5
8
—
)
=
I
N
N/
e
|| =
[uny
I
=
S —
I
T
+
$8

lim [£() - x]
* (x—2) X _4x

x—1
. —3x2 + 4x
= lim
x—+00 x
x—1Dx-2) /m+ (x—Dx
4
-3 +E 3

X—>+00
(1-20-D =1 7zt (1 %)
and similarly
. 3
lim [f(x) = (=2)] = 5.
xX——00 2
Therefore the lines y =x —g and y=—x +§ are

slant asymptotes of the graph of f.

The graph of f has x-intercepts 0 and 2, and has a

y-intercept 0. A sketch of the graph of f is shown on the

right.
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9. (a) Thedomainof f is R\ {1},i.e. (—o,1) U (1,+). The derivatives of f are given by

_(x+D[2x-3)*+7]

"(x) =2 =
f1e) =2x+ 2(x — 1)2
") = 2 16
[T =25
forevery x #1. So f'(x) =0 onlyif x =—1 and f""(x) =0 onlyif x = 3.

x (=00, —1) -1 -11 1 (1,3) 3 (3,+)
f'(x) — 0 + undef. + + +
f"(x) + + + undef. - 0 +
f(x) N min. A undef. ~ infl. A

f has a local minimum point (—1,5), no local maximum points, A
and a point of inflection (3,5). /i
The graph of f has a vertical asymptote x = 1, and no horizontal \'/8 E (3,5) y=fk)
-1,5 [
or slant asymptotes. It hasa y-intercept 8. ( ) 1 >
A sketch of the graph of f is shown on the right. |
(b) (i) We compute
8
x)—g(0 —x) — f(0 (—x)*———%—8 x> +x—8
0. = tim I =IO _ 4 TEDZTO =1 jim = -8
x>0~ x x—0~ X x—0~ x x-0- x+1
90 -g0)  fW-f©)  F-go7-8  x?-x-3
g,(0) = lim = lim = lim x—1 =8,
x—0+ X x—0t X x—0t X x-0t x—1
Since g~ (0) # g4(0), g is not differentiable at 0.
(ii) A sketch of the graph of g is shown below.
N A
(-3,5) 8 3,5 y =g(x)
\%1 it / >
10. (a) Itisclearthat g(0) = 0 = h(0). Next we compute the derivatives of g and h. We have
, (2—4x)2x +1) — 2x — 2x%)(2) 3
g'(x) = > = 5—1
(2x+ 1) (2x+ 1)
for every x # —%, and
1 2)(1 + x?) — (2x)(2x) 2
h’(x) = 2)2 = 2
2% \2 (14 x2?) 1+x
1- (1 + xz)
forevery —1 < x < 1. Therefore g'(0) = 2 = h'(0). [
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(b) The domain of f is (—00, —%) U (—%, 1). For x # 0, the derivatives of f are given by

3 1
1 .
f,( ) gr(x) ifx<Oandx¢—§ m—l |fx<0andx¢—5
x — —
2
hM(x) ifo<x<1 1722 fo<x<1
12 ifx <0O0andx # !
=i GEFDP TS TAndrT Ty
fre) = 4x ]
_(1+—xz)2 ifo<x<1

At 0, we have

ves o f=f0)  glx)-h0O)  gx)—g0) =
O = Jig T = i T = i T =g (0 =2
, . fG)—f0O)  h(x)—-h(0)
£(0) = lim —————= lim ————=H'(0) =2,
so f'(0) = 2. However,
3 1 2
vy _ o S0 J@x+ D 7] —12(x+ 1)
f0 = xll»rgl— x a xll»r(?— x T xo0m x+1)2 -1z
"(x) = f(0) - z 2
x) — TF 2 —2x
2'(0) = lim # = lim 1+xa? ~_ lim =0,
x-0t X x—0% X x-0*+ 1 + x2
so f"(0) does not exist.
So we have
3 1 if 0 and ! 12 ifx <0andx # !
—_— ifx <0andx # —= —— ifx andx # — =
, 2x + 1)2 2 " 2x +1)3 2
f(x):!(é ) and f(x)z{ ( 4x) .
k1+x2 fo=x<1 k_—(1+x2)2 ifo<x<1
Now f'(x) =0 onlyif x = —i— g, and f"(x) isalways non-zero. Thus we have the following table.
1 3 1 3 1 3 1 1 1
| (o3 -5 (5D 2 (o) o ©D
f) - 0 + undef. + + +
JA€9) + + + undef. — undef. —
f(x) N min. A undef. Ve ? Ve

f has alocal minimum point (—%— g, 2+ \/§), no local maximum points and no points of inflection.

Now we look for asymptotes of the graph of f.

(i) Itisclearthat theline x = —% is a vertical asymptote of the graph of f. On the other hand, the limit
y ) = li . 2x m
Jim £G) = Jim aresing=7 =3

exists as a finite real number, so the line x = 1 is not a vertical asymptote of the graph of f.
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(i) Since
3x 3 3

+x]=xll>rpw2x+1=xll>rpw 125'
X

2x(1 —x)
2x+1

Aim [f(x) = (=] = lim

it follows that the line y = —x + g is a slant asymptote of the graph of f.

Clearly, the graph of f hastheonly x-and y-intercept at the origin (0, 0).

The following shows a sketch of the graph of f.

y ¥ )

11. Let the height, the base radius and the volume of the circular cylinder be h units,

r unitsand V cubic units respectively. We have o
: S
[1’2 + (h/2)? = (V3)
V =nr?h V3

2
The first equation gives 72 = 3 — hT, so we obtain the objective function

h? mh3
Vih)=mn S—T h=3nh—T, where 0 < h < 2V/3.
Differentiating both sides we get
3n 3
V'(h) =3 — Thz = T(Z —h)(2+h)

forevery 0 < h < 2v3. Now V'(h) =0 onlyif h = 2.

>0 f0<h<2

® Since V (h){<0 if2 < h<2V3

V(h) attains local maximum when h = 2. This local maximum is also

the global maximum of V(h) on [O, 2\/§].

®© Alternatively, since V' (2) = —37”(2) = —3m <0, V(h) attains local maximum when h =2. This local
maximum is also the global maximum of V(h) on [O,Z\/ﬁ].

®© Alternatively, since V(h) is continuous on the closed interval [O, 2\/§] with V(0) =0, V(2) = 4 and
V(Z\/§) =0, V(h) attains global maximum when h = 2.

Thus the volume of the circular cylinder is maximized when the heightis 2 units and the base radius is V2 units.
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12. Let the size of ZABC be 6 radians and the area and the length of a side of the square A
be A and x respectively. Then we have f
x 10 10
xcsce+§sec9=10. /x
A= x? gl c
From the first equation we get the relation
10 20

T
x = where0<9<z.

csc9+%sec9 2csch + sech

It is clear that A is maximized if and only if x is maximized, so we just differentiate both sides of the above
equality to get

dx —20(—2csccotf +sectanf) 20(2cos® 6 —sin® 9)
ae (2 cscO + sech)? " (2cos@ +sinh)?

forevery 0 <0 < g Now Z—Z =0 onlyif tan® @ = 2, which happens only if 8 = arctan ¥/2. Since

dx (>0 if0 <6 < arctan V2

= s
do|< 0 if arctan3\/§<r<5'

x attains local maximum when 6 = arctan 3/2. This local maximum is also the global maximum of x (and of A)

on (0, g) Therefore the area of the square is maximized when the size of £ABC is arctan Y2 radians.

13. (a) Denote the length of BD as x m. By similar triangles we have AL , so the objective function is
8 V1+x2
8x
s(x) =———x, where 0 < x < 3v/7.
V1+ x?
Differentiating both sides, we get
1
8V1+x? — (8x) ——(2x
Sr(x): ( )2V1+X2( )_1: 8 -1
1+ x? (1 +x2)3/2
for every 0 < x < 3v7. Wehave s'(x) =0 onlyif x =+/3.
® Since
" 24x
5" = - ———,
1+ x?)2
we have s”(\/g) = —;\/§ <0, and so s(x) attains local maximum when x =+/3. This local

maximum of s is also the global maximum of s on [O, 3\/7]

>0 if0<x<+v3

., s(x) attains local maximum when x =+/3. This
<0 ifvV3<x<3V7 (x)

®© Alternatively, since s'(x){

local maximum of s is also the global maximum of s on [O, 3\/7].

®© Alternatively, since s(x) is a continuous function on the closed interval [0, 3\/7] with s(0) =0,
s(v3) =33 and s(3vV7) =0, s(x) attains global maximum when x = /3.

The maximum value of s is therefore

8v3
VI+3

Smax = 5(V3) = —\3=33
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(b) We have
(x) 1(1+ 87— (s + 1)) 1<1+ 8 )( a )
x) == —(s+x)?)s== —x
P 2 2 V1+x2/ W1+ x2
32x X
=———, where 0 < x < 3+/7.
1+x2 2

Differentiating both sides, we have

_R0+xH-(E20@0 1_320-xH) 1

N (P 2- A+ 2

for every 0 < +/x < 3v7. Since

, 320-3) 1 9
PO =Ty Tl

it follows that v/3 is not a critical number of p. Therefore when s attains a maximum, i.e. when x =+/3,

p does not attain a maximum.

14. Suppose that f does not attain global maximum at ¢. Then f(y) > f(c) for some y € I, and without loss of
generality we may assume that y > c¢. Now since f attains local maximum at c, if we pick a number x € (c,y)

which is near ¢, then we have f(x) < f(c). Applying the Intermediate Value Theorem to the continuous

function f, we see that there exists d € [x,y) such that f(d) = f(c).

-

\4

Now since ¢ < d, f is continuous on [c,d] and differentiable on (c,d), and f(c) = f(d), according to Rolle’s
Theorem there exists t € (c,d) such that f'(t) =0, i.e. t is another critical number of f apart from c¢. This

gives a contradiction, so f must attain global maximum at c. ]

A

\4

al----=
~
QU
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